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Measurements are presented in this paper of the pulsation amplitude of an individual air bubble 
that is levitated in a glycerine-water mixture by a stationary acoustic wave operating at a 
frequency of 22.2 kHz. Observations of the bubble pulsation for a wide range of bubble sizes 
demonstrate the existence of the n = 2 harmonic resonance (co mrOo/2). The available theoretical 
information on linear and nonlinear bubble oscillations is adapted tO apply to the specific 
experimental conditions. Comparisons made with the theory show excellent agreement between 
measurements and predictions. 
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INTRODUCTION 
In recent y•ars there has been considerable theoretical 
activity concerning the nonlinear aspects of bubble oscilla- 
tions, by both numerical 1 and approximate analytical tech- 
niques. 2-5 This interest has been motivated by the experi- 
mentally established connection between subharmonic 
emissions and the presence of cavitation activity in a variety 
of experimental conditions. 6-•4 Experimental investigations 
involving nonlinear oscillations of single bubbles has been 
primarily confined to the subharmonic region, although 
there have been some recent investigations of the harmon- 
ics. •5'•6 In this paper we wish to concentrate inthe area of the 
harmonic activity in both a theoretical and experimental 
manner. We wish to demonstrate the existence of harmonic 
activity in an individual bubble, to adapt the pertinent the- 
ory to our experimental conditions, and to show the predic- 
tions of the theory agree remarkably well with the experi- 
mental observations. 
I. EXPERIMENTAL APPARATUS AND TECHNIQUE 
Measurements of the pulsation amplitude of an individ- 
ual gas bubble were made by acoustically levitating the air 
bubble near an antinode of an acoustic stationary wave. This 
technique •?-•9 is becoming commonplace as a method for 
measuring the properties of individual gas bubbles as well as 
other particles •9 and will not be discussed in detail in this 
paper. For completeness, however, a short description of the 
method is given. 
A compressible particle that is present in an acoustic 
stationary wave will experience radiation pressure forces 
that will tend to move it toward or away from the pressure 
antinodes of the field, depending on certain acoustic proper- 
ties of the particle and of the liquid. The particle will normal- 
ly also experience gravitational and hydrostatic forces that 
may be in opposition to the radiation pressure forces. Ac- 
cordingly, equilibrium positions exist in the sound field 
where the net force acting on the particle vanishes. In this 
condition, the particle can be said to be levitated at a position 
of stable equilibrium by the sound field. In the case of a gas 
bubble in a liquid these stable positions are near the antin- 
odes of the sound field when the sound frequency is below 
the resonance frequency of the bubble. If the liquid is free 
from other gas bubbles and inhomogeneities which tend to 
lead to fluctuations in the sound field amplitude, the bubble 
can be stably positioned to within a diameter or so for a 
duration of several minutes. 
The theory to be discussed below shows that, in the 
absence of harmonic resonances in the bubble pulsation, the 
position of the bubble in the sound field depends only weakly 
on the radius. Thus even if it undergoes some growth by 
diffusion, its position does not change appreciably. In the 
neighborhood of a harmonic resonance, however, displace- 
ments from this position are predicted by the theory. By 
measuring theseslight displacements in the bubble's position 
as a function of radius the theory can be put to a stringent est 
and considerable information about the nonlinear behavior 
of the oscillations can be gained. The amplitude of these har- 
monic components depends on the ratio of the driving fre- 
quency of the sound field to the resonance frequency of the 
bubble. Since the resonance frequency is a function of the 
bubble radius, for a fixed sound frequency, the amplitude 
can also be expressed in terms of the ratio of the equilibrium 
radius to the resonance radius. This latter quantity can be 
easily varied in our experimental system due to the presence 
of rectified diffusion. 
A typical procedure for obtaining measurements of the 
pulsation amplitude of a gas bubble as a function of its radius 
and the acoustic driving amplitude is as follows: A bubble 
whose size is less than its resonance size is introduced into 
the stationary wave system. It may be introduced via a hypo- 
dermic needle, or by simply increasing the amplitude of the 
acoustic stationary wave until it "appears" due to gaseous 
cavitation. The levitation cell is typically constructed from 
two cylindrical ceramic transducers, and sandwiched with a 
transparent glass cylinder for viewing the bubble (see Fig. 1, 
Ref. 18). Our particular configuration is approximately 10 
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cm in height by 7.5 cm in diameter, the gas bubble being 
levitated along the axis of the cylinder and beneath the glass 
cylinder, near the middle of the cell. We surround our levita- 
tion cell with a second cylinder, concentric with the first, 
With viewing ports and maintained at a constant tempera- 
ture. Fluctuations in temperature of the host liquid con- 
tained within the levitation cell can greatly reduce our sig- 
nal-to-noise ratio. We maintain the host fluid at a 
temperature that makes it slightly undersaturated in terms 
of its dissolved gas content. Extraneous and unwanted gas 
bubbles will then dissolve and we can more easily control the 
size of the bubble of interest. Gas bubbles that are levitated 
and driven at low sound amplitudes will slowly dissolve, but 
by increasing the amplitude of the sound field we make the 
bubble grow to a desirable size by rectified diffusion. This 
size may be as large as 80% of its resonance size. We then 
select a value for the acoustic pressure amplitude that is less 
than, but near the threshold for rectified diffusion and con- 
stantly maintain this value. As the bubble slowly dissolves, 
we make measurements of its size (by turning off the sound 
field and measuring its terminal rise velocity •7'•s} and its po- 
sition in the calibrated sound field. The bubble will maintain 
approximately a fixed position until it approaches a size that 
is nearly one-half its resonance size (at the fixed driving fre- 
quency}, and then will undergo a slight but measurable shift 
in its position. If we know the size and position of the bubble, 
the amplitude and spatial variation of the sound field, we can 
then obtain certain components of its pulsation amplitude by 
use of the equations to be developed in Sec. II below. We then 
repeat the procedure at a different pressure amplitude. At 
relatively large pressure amplitudes, it is often desirable to 
start the bubble at a small size and permit it to grow slowly 
by rectified diffusion to larger sizes. We try, as much as pos- 
sible, to make an entire run with a single bubble. They are 
notorious scavengers, and a well-behaved, clean one is some- 
times hard to find. With some practice, one can learn which 
bubbles will give a consistent set of data. 
II. THEORY 
The acoustic radiation pressure force on a bubble (or 
highly compressible particle} in a stationary sound field is 
often called the primary Bjerknes force and is given by 2ø 
F•(r,t) = -- (V(t)VP(r,t)•, (1) 
where angle brackets denote time average, V(t ) is the instan- 
taneous volume of the bubble and P (r,t) is the time- and 
space-varying pressure field which can be closely approxi- 
mated along the axis of the levitation cell used in this experi- 
ment by 
P (r,t) = P• -- P• (z)cos/2t. (2) 
Here P• is ambient pressure,/2 is the angular frequency of 
the sound field, and P• (z) is the space:dependent amplitude 
of the stationary wave. The coordinate z is measured verti- 
cally along the axis of the cell. For a spherical bubble of 
equilibrium radius Ro and instantaneous radius R (t), we find 
the magnitude of the acoustic force, obtained by inserting 
Eq. (2)into Eq. (1), to be given by 
t• = ½•rR o• IVP• I< cos at >. 
When the bubble maintains a fixed position in the cell, this 
force is balanced by the magnitude of the average buoyancy 
force, viz., 
= o pg( (t )/o13) , 
where p is the liquid density and g is the acceleration of 
gravity. Equating these two forces gives 
{(R/Ro) 3 cos g2t ) pg 
- (3) ((R /Ro) 3) IwP.• )'
where I VP•l is evaluated at the position of the bubble. The 
ratio ofpg to I VP• I is essentially the ratio of the hydrostatic 
pressure gradient to the acoustic pressure gradient. For bre- 
vity, and for lack of previous te•inology, we shall refer to 
this qu•tity as the levitation number, 
A large value of this quantity implies that a small acoustic 
pressure gradient is su•cient to stabilize the bubble against 
gravity. This in turn implies that the oscillato• re.me is 
such that the acoustic force is exploited ve• e•ciently and 
conversely for a small value of •e' In the present study the 
quantities on the fight-hand side of Eq. (3) are either •own 
or measured experimentally, whereas the ratio on the left- 
h•d side is computed theoretically. Therefore the results to 
be described below can be viewed as comparisons between 
the theoretical and experimental values of the levitation 
number. 
The time-varying radius of the bubble is expressed by 
the Rayleigh-Plesset equation 
to(Rj• _.[_ •j•2} = ti -- (too -- PA COS g2t) 
-- 2cr/R -- 41aR /J• , (4) 
where cr is the surface tension,/t is the liquid viscosity, and Pi 
is the instantaneous pressure acting on the gas side of the 
bubble interface. In principle, this quantity must be deter- 
mined by solving the pertinent conservation equations in the 
gas and in the liquid. For the case of linear oscillations the 
result of this calculation can be summarized by saying that 
thermal processes result in a pressure-volume r lationship of 
the polytropic type 
Pi = Po(Ro/• 
where Po = P• + 2cr/Ro is the bubble internal pressure at 
equilibrium and •c is the polytropic exponent. The thermal 
processes contribute a dissipation mechanism 2•-23 that can 
be represented by suitably modifying the value of the liquid 
viscosity. A further contribution to dissipation arises, be-' 
cause of acoustic radiation from the bubble, and this effect 
can also be accounted for by suitably modifying the value of 
/t. 2• Although it has been recently experimentally verified 24 
that the description of these thermal processes via a polytro- 
pie exponent is adequate for small amplitude oscillations, an 
extension of these results to the case of large-amplitude, non- 
linear oscillations which are of present concern has never 
been attempted. Accordingly, we are forced to use here the 
linear results for •c and the "effective" liquid viscosity, al- 
though Eq. (4) will be treated nonlinearly. In spite of this 
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rather drastic approximation it will be seen that the theoreti- 
cal results compare very favorably with experiment. 
For radial pulsations of moderate amplitude one can 
obtain an approximate solution of Eq. (4) by writing 
R = Ro[1 + x{t )] and performing a power series expansion i  
x. This procedure has been carried out in Ref. 4 to order ofx 3 
and we shall make use of those results in the following. 
A. Linear approximation 
The lowest-order approximation to the exact solution 
can be obtained by retaining only terms linear in x and its 
derivatives. In this way one readily finds 
• cos(oor + •) 
[(•,• - •,o•)  + 4• •,•] 
In the above quation and in subsequent ones, the following 
terminology is used 
v = (p•p)i/2 t/Ro, w = 2a/R•o, 
• = 2•/•o(aeo) '/• , v= e•/e•, 
• = (• - w)v • = • (a/Co) '/• , 
• = 3• - =, a = t•n-' [2•/(• • - •)]. 
In particular Wo is the nondimensional resonance frequency 
of the bubble which, conve•ed back to dimensional fo•, is 
given by the well-known expression 
ao=(•/Roa'/:)[3•e• +(3•- •)(a/Ro)] '/• . (5) 
In the range of radius values of present concern the effect of 
the surface tension contribution is negligible and • depends 
only weakly on Ro; thus this expression shows that the pro- 
duct R•o is approximately a constant. If we define a reso- 
nance radius R• by 
a=(•/R•a'/:)[3•e• +(3•- •)(a/R•,,)] '/•, (6) 
we then have •/•o•R/R• which shows that, for fixed 
sound frequency •, we can v=y the ratio •/•o by va•ing 
the radius of the bubble. In the figures, the data is displayed 
as a function of R/R• because the experimental measure- 
ments were made in te•s of variable radius rather than 
variable frequency. 
To first order in x the time averages appearing in Eq. (3) 
are just ((R/Ro) 3 cos •t )•3(x cos •t ), ((R/Ro)3)•l 
and we find 
•e = •B cos g, (7) 
where 
•= [(• -•)• + 4• •] -'/• . 
For the case of small damping and for bubble radii su•- 
ciently lower than the resonance radius, this result becomes 
•e• ß (8) 
3•-- w 
For the range of bubble sizes investigated in this study w is 
ve• small (w•,• • 10 -2} and the polytropic exponent • is 
only w•kly dependent on Ro. Thus we find that the levita- 
tion number is only weakly dependent on the bubble radius if 
Ro is much smaller than R•. It will be shown below that 
there is an important and measurable dependence of •e on 
Ro if the bubble is driven at an amplitude and frequency such 
that nonlinear effects are important. 
B. Higher-order terms 
If higher-order terms are retained in the solution of Eq. 
(4), harmonic and subharmonic resonances typical of nonlin- 
ear oscillations appear. The solution x(r) in the harmonic 
and subharmonic regions, but not near the main resonance, 
is given by , 
+ (c, + A,c3 cos 2(or)• 2 + (c5 + c2 cos 20n M 2• 
+ [C 4 COS{Or --{- On) + A2C 0 COS{Or- 6}n)]•'`4 n , (9) 
where n is the order of the resonance, the ci's are functions of 
(o given in the Appendix and 0, = nor + •b,. The quantities 
)[ •, )1. 2are defined in the sections below and expressions for 
the amplitude`4, and phase •b, of the resonance components 
are given in the Appendix. 
Using the result expressed in Eq. {9) we can calculate 
explicitly the time averages entering in Eq. {3). Retaining 
only terms capable of giving nonzero contributions in the 
various harmonic resonance regions we find 
((R/Ro) 3 cOS or) ---- 1 B•' cos •J q- M n (cos O n cos or) 
q- 3{c2 q- «M 2 cos 20. cos (or 
q- 3g`4. [/],2C0 (COS 07' COS((OT -- O n )) 
+ B (cos or cos(or + • -- 0. )) ]. 
Only terms consistent with the second-order accuracy of Eq. 
{9) have been retained in effecting the cube. Similarly we find 
((R/Ro) 3) = 1 q- 3(c I q- -• B 2)•. 2 q- 3{c5 + «M 2,. 
This expression shows that in the quotient of averages in the 
fight-hand side of Eq. {3), the denominator can be taken to be 
simply 1.0. Since an error of second order in the denomina- 
tor is equivalent o an error of third order in the quotient, this 
approximation is consistent with the accuracy of Eqs. (9) and 
We now look specifically at the individual resonance 
regions. 
1. n = 2 harmonic 
For the n = 2 harmonic resonance (ro•rOo/2), A, = 0 
and A2 = 1. The amplitude .42 and phase •b2 are determined 
by Eqs. {A16) and {A17} of the Appendix. Setting 
02 = 2(or + •42 and carrying out the time averages in Eq. {10) 
we obtain 
((R ff. Ro) 3 cos (or) 
=-• {BcosS q- `42[ Co cos•2 .'•Bcos(• 2-- S)]} , 
so that the theoretical levitation number takes the form 
,•v e = -• {B cos • q- `42 [Co cos •2 q- B cos(• 2 -- •)]} . 
(11) 
For this n = 2 harmonic case, in addition to the previously 
obtained linear term {-•B cos •5 ), we find other terms that 
depend upon the amplitude and phase of the resonant com- 
ponent. 
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,2. n = 3 harmonic 
For the n = 3 harmonic resonance (OmWo/3), A1 = 1, 
22 = 1 and 0s = 3wr + •bs. It is found that with this value of 
0s all the averages in Eq. (10} vanish so that Eq. (3} reduces to 
the same form found for the linear approximation, Eq. (7}. 
3. Main resonance (n = 1) 
For frequencies near the main resonance, W•Wo, and 
Eq. (9} is replaced by 
X(7') = A 1 0OS(0.)7' -I'- •1) -I- •[( 4(-02 -- 0-)(•  --1 COS(2(J)7'- •1) 
--0)• 2 COS •l ]•'A 1 -I- i[(•l -- -32(-O2)(-O•- 2 --(al -I- 32(-02) 
X(40) 2 -- O)g) --1 COS{20)7' '-{- 2•l)]•J •. (12) 
The amplitude •l and phase •l are given by Eqs. (A19)and 
(A20) in the Appendix. Following the same procedure as 
before we readily find that for this case 
o• e = -•4 1 COS •l' (13) 
4. Poljftrop/c exponent and damping 
To evaluate some of the quantities entering into the 
above equations it is necessary to have expressions for the 
polytropic exponent and the damping constant. As stated 
previously, we shall make use of the results of the linear 
theory for these quantities. These results have been obtained 
by Eller 21 on the basis of a work by Devin 22 and by Prosper- 
etti 23 using a somewhat different approach. In a recent pa- 
per, 24 it has been shown that under normal conditions, the 
two analytical results are essentially equal and that measure- 
ments of the polytropic exponent for a variety of gases and 
ranges of bubble sizes agree quite well with the analytical 
predictions. We give here, for completeness, expressions for 
the damping constants and the polytropic exponent. 
The total damping constant b is the sum of the three 
principal contributions, i.e., viscous, radiation, and thermal. 
Thus 
b=bo -•-b r +b, , 
where 
bv -- 2•/( ppo)l/2 go , 
b r -- •( p/po)l/2( a 2R02/c) , 
b t ----(a •go/2• )(p/Po)l/2dt, 
and - 
(14) 
d, = 3(y- 1)[X(sinh X + sinX)- 2(cosh X-- cosX)] 
X 2{cosh X -- cos X ) -•- 3(y -- 1 }X (sinh X -- sin X) 
where c is the velocity of sound in the liquid, and y is the ratio 
of specific heats of the gas contained within the bubble. Also 
X = Ro{2/2/D•} 1/2, where D1 is the thermal diffusivity of the 
gas defined as D1 = Kl?Pl C•,,, K1 is the thermal conductivity 
of the gas, P l is its density, and Cp, its specific heat at con- 
stant pressure. The polytropic exponent •c is given by 
•c =•('1 + d t2) -11 + 3(y --1) ( sinh X --sin X •] --1 x Zoos/ ' 
In order to obtain a final theoretical result for the levitation 
number as a function of the radius, we have combined the 
individual contributions given by Eqs. (7), (11), and (13) 
which are valid in their respective frequency regions. Some 
matching of the respective quations in the intermediate re- 
gions is required but this occurs rather naturally and pre- 
sents no real problem. 
III. RESULTS AND DISCUSSION 
The main results of this study are given in Figs. 1 to 4 
which compare the measured values of the levitation number 
•'• e expressed in Eq. (3), with the theoretical predictions ob- 
tained from Eqs. (7), (11), and (13). The horizontal axis in 
these figures is the bubble radius Ro normalized by the (theo- 
retical) resonance radius Rr½ s at the sound field frequency. 
For this present study, Rre s was obtained from Eq. (6) with 
the polytropic exponent •c given by Eq. (15), and was approxi- 
mately equal to 138 pm. 
For the measurements and calculations used in these 
figures, one should assume that an air bubble is present in a 
glycerine-water mixture (38% by weight glycerine) and the 
values of the constants are as follows: p = 1.09 g/cm 3, 
P• =1.01X106 dyn/cm 2, c=70 dyn/cm, p=0.03 
cm-l.g.s-l, J9 = 2•22.2 kHz), D1 = 0.20 cm2/s, y= 1.4, 
g = 9.8 X 102 cm/s 2, and c = 1.61 X 10 s cm/s. Shown in Fig. 
1 are measurements of the levitation number of an air bubble 
in a glycerine-water mixture for an acoustic pressure ampli- 
tude of 0.095 bars as a function of the normalized bubble 
radius. It is seen that there is an oscillation in the magnitude 
of the levitation number as the bubble radius nears the nor- 
malized radius value of 0.5. Shown as a dotted line in this 
figure are the predictions of the linear theory. If one neglects 
the nonlinear terms, one should expect a normal resonance- 
type behavior as the bubble grows toward a normalized radi- 
us value of 1.0. Note that except for the oscillation near {Ro/ 
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FIG. 1. Values of the levitation number for an air bubble in a glycerine- 
water mixture as a function of bubble size. The symbols are the experimen- 
tal points and the dashed line is the prediction ofthe linear theory. The solid 
line represents a combination f the contributions from the individual reso- 
nance regions as predicted by a nonlinear theory. For this case, the acoustic 
pressure amplitude was 0.095 bars. 
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range ofbubble radii. The solid curve on Fig. 1 represents he 
calculation of the nonlinear behavior of the bubble as repre- 
sented by a combination ofthe contributions of Eqs. (7}, ( 11 }, 
and (13}. It is noted that the n = 2 harmonic contribution, 
Eq. (7}, gives a nice fit to the data in this harmonic region. 
Equation (7} predicts that there will be no additional contri- 
bution to the linear term in the n -- 3 harmonic region (al- 
though the bubble may be undergoing this harmonic pulsa- 
tion, it should not show up experimentally}. Finally, Eq. ( 13} 
also gives an excellent fit in the main resonance region for 
larger values of the bubble radius. The excellent fit at low 
radii in all the figures is partially artificial. In order to cali- 
brate our levitation cell, we use a scheme proposed originally 
by Gould 25 in which we use the air bubbles themselves to 
calibrate the sound field within the cell. In short, this is done 
by introducing an air bubble into the levitation cell and mea- 
suring its radius and its position for a range of voltages ob- 
tained via the external hydrophone attached to the side of 
the levitation cell (see Fig. 1, Ref. 18}. Using an expression 
for the acoustic pressure amplitude required to levitare a 
bubble of a particular adius at a particular position [which 
essentially involves the linear bubble oscillation expression, 
Eq. (7}], we can calibrate the levitation cell in terms of the 
voltages measured by the external hydrophone. We have 
checked this result to be accurate by removing the bubble 
and inserting at its former position a miniature, calibrated, 
probe hydrophone. 
Figure 2 shows our results for an acoustic pressure am- 
plitude of 0.155 bars. Note that n -- 2 harmonic contribution 
has now become quite large and there is a rapid change in the 
magnitude ofthe levitation number near a normalized radius 
value of 0.5. This change is mostly due to a similarly rapid 
change in the phase angle associated with the n -- 2 harmon- 
ic resonance, shown also on Fig. 2. It is seen that for a nearly 
constant value of•12, cos •2 • - 1 results in a much stronger 
Bjerknes force than for cos •2 • + 1. Note again the excel- 
lent fit, especially of the magnitude of the harmonic contri- 
bution. 
We present in Figs. 3 and 4 considerably larger values of 
the acoustic pressure amplitude, being 0.190 and 0.24 bars, 
respectively. For these relatively large values of the sound 
pressure it was not possible to track the bubble completely 
through the harmonic resonance. As the bubble pulsation 
amplitude became large, rectified diffusion would be so rap- 
id that measurements of the bubble size near its harmonic 
maximum could not be made with great accuracy. Note, 
h6wever, that the minimum values were obtained and show 
good agreement with the theory. It can be seen that the am- 
plitude equation for the n = 2 harmonic region, Eq. {A16), is 
a cubic. If the acoustic pressure amplitude becomes suffi- 
ciently large, there are three real roots to this equation and 
pulsation amplitudes can change very rapidly. 4The theoreti- 
cal pressure amplitude required for the amplitude equation 
to be multiple-valued is approximately 0.28 bar, and since 
there is such good agreement between theory and experi- 
ment, we probably never reached this limit. However, for the 
highest pressure amplitude, PA = 0.24 bar, we were suffi- 
ciently close to this limit to result in a very rapid change in 
phase angle as the bubble passed through this harmonic reso- 
nance. 
The position of the experimental points on the graphs 
depends of course on the measured value of the equilibrium 
radius Ro. As was explained in Sec. I, this value was obtained 
by momentarily switching off the sound field and measuring 
the terminal rise velocity of the bubble. To obtain a value of 
the radius from the rise velocity it is necessary to utilize an 
expression for the drag force on the bubble. For the low 
Reynolds numbers of present concern we have used a modi- 
fied form 26 of Stokes' law wherein the magnitude ofthe drag 
force on the bubble is expressed as 
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FIG. 2. Values of the levitation number for an air bubble in a glycerine- 
water mixture as a function of bubble size. The symbols are the experimen- 
tal points and the dashed line is the prediction of the linear theory. The solid 
line represents a combination of the contributions from the individual reso- 
nance regions as predicted by a nonlinear theory. Shown also in this figure is 
the variation of the phase angle •2 as a function of radius. For this case, the 
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FIG. 3. Values of the levitation number for an air bubble in a glycerine- 
water mixture as a function of bubble size. The symbols are the experimen- 
tal points and the dashed line is the prediction of the linear theory. The solid 
line represents acombination of the contributions from the individual reso- 
nance regions as predicted by a nonlinear theory. For this case, the acoustic 
pressure amplitude was 0.190 bars. 
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FIG. 4. Values of the levitation number for an air bubble in a glyeerine- 
water mixture as a function of bubble size. The symbols are the experimen- 
tal points and the dashed line is the prediction of the linear theory. The solid 
line represents acombination of the contributions from the individual reso- 
nance regions as predicted by a nonlinear theory. For this case, the acoustic 
pressure amplitude was 0.240 bars. 
where u is the terminal rise velocity and R e is the Reynolds 
number, given by R e = 2Roup/lu. This expression has been 
shown to be applicable to the drag on solid spheres for a wide 
range of Reynolds numbers. Air bubbles in water are known 
to behave normally as solid spheres in terms of their drag 
characteristics, although theoretically they should exper- 
ience a drag that is lower by a factor of 2/3 due to the antici- 
pated slippage at the air-water interface. 28 The higher drag 
is usually attributed to surface contamination 29 and some 
recent experimental evidence 3ø has demonstrated the gra- 
dual change from a slip to a no-slip regime as the bubble rises 
through the liquid. For this reason, an accurate drag predic- 
tion is not readily available. We have discovered that in ap- 
proximately half of our data sets we could significantly im- 
prove the comparison between theory and experiment by 
shifting slightly the radii to lower values (this shift was at 
most 10%). If there was some partial slippage of the bubble 
interface, then the drag would be somewhat less than that for 
a solid sphere and the radii would need to be shifted to lower 
values. We believe that this slight shift in the radius values 
for some of the data sets is reasonable and confirms the appli- 
cability of our theory. Interestingly, this approach may pro- 
vide a method for obtaining precise measurements of the 
radius for very small bubble sizes. Drag measurements on 
small bubbles are difficult to obtain because these bubbles 
will rapidly dissolve as they rise through the liquid. It is seen 
in these figures that the value of the bubble radius that gives 
rise to the minimum in the levitation number can be ascer- 
tained to within a few percent. Because the levitated bubble 
can be maintained at a fixed size by rectified diffusion and 
then permitted to rise a short distance while being viewed 
through a microscope, measurements of its drag characteris- 
tics could be easily obtained. 
We have observed that under certain conditions, a bub- 
ble placed in our levitation cell will remain at a fixed radius 
for periods of time that approach several minutes. Since a 
bubble should either grow by rectified diffusion, or dissolve 
due to surface tension forces when it is below the rectified 
diffusion threshold, this behavior was considered by us to be 
anomalous. This very interesting effect can be explained, 
however, by inspection of the figures in this paper. Consider 
Fig. 3 and a bubble that has a radius intermediate in value 
between the levitation number minimum and maximum. If 
the bubble begins to dissolve, its pulsation amplitude will 
increase and thus it may exceed the threshold for growth by 
rectified diffusion and become larger. However, as it grows, 
its pulsation amplitude becomes smaller and it may then 
drop below the thresl•old and begin again to dissolve. If the 
conditions of gas saturation and driving amplitude are such 
as to permit this behavior to occur (as we believe we have 
observed) abubble could be maintained indefinitely at a rela- 
tively constant radius. This effect may be useful in certain 
experiments. 
IV. SUMMARY AND CONCLUSIONS 
We have demonstrated hat gas bubbles that are caused 
to pulsate in a liquid under the action of an acoustic pressure 
field can display nonlinear properties such as the presence of 
harmonic resonances in their oscillation. Measurements of 
the magnitude of the pulsation amplitude of the bubble near 
its n = 2 harmonic resonance are in excellent agreement 
with the predictions of theory. The amplitude of the pulsa- 
tion near this resonance can vary greatly over a small radius 
band and be considerably larger than that predicted by a 
linear theory. Due to the possibility of large amplitude pulsa- 
tions near these harmonic resonances, previous theories con- 
cerning the growth of bubbles by rectified diffusion 3• and of 
the shear stresses associated with pulsating bubbles may 
need to be modified to account for this nonlinear behavior. 
We also wish to draw attention to the fact that the theo- 
retical predictions involve many different aspects of bubble 
dynamics, of mechanical as well as thermal and acoustic 
nature. The agreement between theory and experiment is 
therefore particularly significant because it implies that all 
these different aspects, both individually and in their mutual 
interplay, are correctly accounted for. 
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APPENDIX 
The form of the various functions of co which appear in 
the text are given below. The auxiliary quantity D is defined 
as 










s½0) = - - -' + - - 
(A14) 
d3(o ) = •(al _ • •2)(• _ •2)-1 + • • 2(a ' _ • •2) _ •. 
(A15) 
For the n = 2 harmonic resonance, the amplitude •2 and 
phase • are determined from the following equations: 
• • • + 2go•2• + (• + 1662•2• • _•2• = 0, 
(A16) 
b• 2 g3{Q2 + go A • } -- 4o/g 2 
sin •2 = , {A 17} 
where 
Q2 = 402 - 0)• - •' 2( gl - g2). (A18) 
For the main resonance, the amplitude A1 and phase q61 are 
solutions of the following equations: 
2(-obA 1 d- •(1 -- d 3 A • )sin •1 d- I • 2A1 • 2 sin 2•1 = 0. 
(A19) 
A 1 [ (0 2 -- (.0• -•- 2 ! • 2(2(_O2 -- O• )O•- 2(4(O2 -- O• )--l ] 
-- d I A •3 + • {1 -- d 2 A 2• )cos •l 
d- • • 2 A l O •- 2 COS 2•1 = 0. {A20) 
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